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things as displacements (rotations, translations, etc.), collineations, and, in fact, geometrical transformations in general. Then in various parts of mathematics we have to deal with the Theory of Substitutions, that is, with the various changes which can be made in the order of certain objects, and these substitutions themselves may be regarded as objects of mathematical study. Finally, in mechanics we have to deal with such objects as forces, couples, velocities, etc.
These objects, and all others which are capable of mathematical consideration, are constantly presenting themselves to us, not singly, but in sets. Such sets (or, as they are sometimes called, classes) of objects may consist of a finite or an infinite number of objects, or elements. We mention as examples :
(1)   All prime numbers.
(2)   All lines which meet two given lines in space.
(3)   All planes of symmetry of a given cube.
(4)   All substitutions which can be performed on five letters.
(5)   All rotations of a plane about a given line perpendicular to it.
Having thus gained a slight idea of the generality of the conception of a set, we next notice that in many cases in which we have to deal with a set in mathematics, there are one or more rules by which pairs of elements of the set may be combined so as to give objects, either belonging to the set or not as the case may be. As examples of such rules of combination, we mention addition and multiplication both in ordinary algebra and in the algebra of matrices ; the process by which two points, in geometry, determine a line ; the process of combining two displacements to give another displacement, etc.
Such a set, with its associated rules of combination, we will call a -mathematical system^ or simply a system.*
We come now to a very important kind of system known as a group, which we define as follows :
* This definition is sufficiently general for our immediate purposes. In general, ho'wever, it is desirable to admit, not merely rules of combination, but also relations between the elements of a system. In fact we may have merely one or more relations and no rules of combination at all. From this point of view the positive integers with the relation of greater and less would form a system, even though we do not introduce any rule of combination such as addition or multiplication. It may be added that rules of combination may be regarded as merely relations between three objects j cf. the address referred to above.